
 

Differential Calculus on surfaces

Recall that a surface is a subset S E 1123

Covered by parametrization
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Goal Do calculus on surfaces

Let's recall two important theorems from multivariable calculus

Inverse Function Theorem

Let F i U EIR IR be a smooth map Po EU
Open

Suppose dflp R CR is a linear isomorphism

Then F is a local diffeomorphism near Po

i e I abd U E U of Po s t

Flu U FLU's

is a diffeomorphism ie smooth bijective with smooth
inverse



Inverse function theorem

a

t ea

dflp isomorphism

4
F U FLU's
diffeomorphism

Implicit Function Theorem
Let F F X y t 0 E 1123 B be a smooth function
Consider the level surface of F at a E IR
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Implicit function theorem
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Proposition Any surface S E 1123 is locally a graph
i e for each p E S I nbd V of P in S s t

V f z f x y or f y 5 Cx 2 or f x fly Z

for some smooth function f U E B IR

Proof Fix P E S 7 parametrization
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By Inverse Function Theorem locally we can solve u V

in terms of X y i e

U UCx y locally near p in S

is the graph of the functionv exist
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Given a smooth function F B B

for each A E IR consider the level set

F a f p e 423 Fcp a

Question When is it a surface

Def't A is a regular value of F

if Hp c F ca Dflp 1 0

Theorem F a is a surface for any regular value a of F

Proof The implicit function theorem implies that FTa is

locally a graph hence it is a surface
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Let 9 b c 0 be constants
Example Ellipsoid
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Example 2 sheeted hyperboloid
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